LIFETIME PORTFOLIO SELECTION UNDER UNCERTAINTY: THE CONTINUOUS-TIME CASE
Robert C. Merton * I Introduction OST models of portfolio selection have M been one-period models. I examine the combined problem of optimal portfolio selection and consumption rules for an individual in a continuous-time model whzere his income is generated by returns on assets and these returns or instantaneous "growth rates" are stochastic. P. A. Samuelson has developed a similar model in discrete-time for more general probability distributions in a companion paper [8] .
I derive the optimality equations for a multiasset problem when the rate of returns are generated by a Wiener Brownian-motion process. A particular case examined in detail is the two-asset model with constant relative riskaversion or iso-elastic marginal utility. An explicit solution is also found for the case of constant absolute risk-aversion. The general technique employed can be used to examine a wide class of intertemporal economic problems under uncertainty.
In addition to the Samuelson paper [8] , there is the multi-period analysis of Tobin [9] . Phelps [6] has a model used to determine the optimal consumption rule for a multi-period example where income is partly generated by an asset with an uncertain return. Mirrless [5] has developed a continuous-time optimal consumption model of the neoclassical type with technical progress a random variable.
II Dynamics of the Model: The Budget Equation
In the usual continuous-time model under certainty, the budget equation is a differential equation. However, when uncertainty is introduced by a random variable, the budget equation must be generalized to become a stochastic differential equation. To see the meaning of such an equation, it is easiest to work out the discrete-time version and then pass to the limit of continuous time.
Define W(t) total wealth at time t Xi(t) price of the ith asset at time t, (i 
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where gi(to)h log [Xi(t)/Xi(to)], the rate of return per unit time on the ith asset. The gi(t) are assumed to be generated by a stochastic process.
In discrete time, I make the further assumption that g,(t) is determined as follows, 
Before passing in the limit to continuous time, there are two implications of (5) which will be useful later in the paper. 
where E(to) is the conditional expectation operator (conditional on the knowledge of W(to)), and 0(o) is the usual asymptotic order symbol meaning "the same order as." The limit of the process described in ( and Y (t) is said to be generated by a Wiener process. By applying the same limit process to the discrete-time budget equation, we write (5) as 
In (17), take the E(to) operator onto each term and, noting that I[W(to),to] = E(to) I[W(to),to], subtract I[W(to)to] from both sides. Substitute from equations ( 10) and ( 11 ) for E(to) [W(t) -W1(to)] and E(to) [(W(t)
which implies that for all finite-horizon optimal paths, the expected rate of growth of wealth is a diminishing function of time. Therefore, if a* < V(O), the individual will dis-invest (i.e., he will plan to consume more than his expected income, a*W(t)). If a* > V(O), he will plan to increase his wealth for 0 < t < 1, and then, dis-invest at an expected rate a* < V(t) for < K t < T where t is defined as the solution to The ordinary differential equation (35), J" = f (J,J'), has "extraneous" solutions other than the one that generates (42) and (43). However, these solutions are ruled out by the transversality condition, (39), and conditions A, B, and C of section IV. As was expected, limit C* (t) = C.* (t) and limit w* (t) = WOO*
{C,w} t + it [ (w(t) (a-r) + r)W(t) -C(t)] + 1/2 t 2w2(t)W2(t)
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Thus, write J[W(t),t] = J[W] to reflect this independence. Substituting J[W], dividing by e-Pt, and dropping all t subscripts, we can rewrite (17') as, O = Max [U(C)-pi + J'(W). {C,w} {(w(t)(a-r) + r)W-C}
The main purpose of this section was to show that the partial differential equation (17') can be reduced in the case of infinite time horizon to an ordinary differential equation.
VII Economic Interpretation of the Optimal Decision Rules for Portfolio Selection and Consumption
An important result is the confirmation of the theorem proved by Samuelson [8] , for the discrete-time case, stating that, for iso-elastic marginal utility, the portfolio-selection decision is independent of the consumption decision. Further, for the special case of Bernoulli logarithmic utility (y = 0), the separation goes both ways, i.e., the consumption decision is independent of the financial parameters and is only dependent upon the level of wealth. This is a result of two assumptions: (1) constant relative risk-aversion (iso-elastic marginal utility) which implies that one's attitude toward financial risk is independent of one's wealth level, and (2) the stochastic process which generates the price changes (independent increments assumption of the Wiener process). With these two assumptions, the only feedbacks of the system, the price change and the resulting level of wealth, have zero relevance for the portfolio decision and hence, it is constant.
The optimal proportion in the risky asset,10 w*, can be rewritten in terms of Pratt After having determined the optimal w*, one can now think of the original problem as having been reduced to a simple Phelps-Ramsey problem, in which we seek an optimal consumption rule given that income is generated by the uncertain yield of an (composite) asset. Thus, the problem becomes a continuoustime analog of the one examined by Phelps [6] in discrete time. Therefore, for consistency, C.*(t) should be expressible in terms of a*, 0J*27 8, p, and W(t) only. To show that this is, in fact, the result, (42) can be rewritten as," (41) becomes the condition that p > max[O,ya*] where a* is the yield on the composite portfolio. Thus, the deterministic case is the limiting form of (41).
10Note: no restriction on borrowing or going short was imposed on the problem, and therefore, w* can be greater than one or less than zero. Thus, if a < r, the risk-averter will short some of the risky asset, and if a > r + a% he will borrow funds to invest in the risky asset. If one wished to restrict w*e[O,1], then such a constraint could be introduced and handled by the usual Kuhn-Tucker methods with resulting inequalities.
" Because this section is concerned with the qualitative changes in the solution with respect to shifts in the parameters, the more-simple form of the infinite-time horizon case is examined. The essential difference between Co,*(t) and C*(t) is the explicit time dependence of C*(t) which was discussed in section V. For simplicity, the "oo" on subscript C,,*(t) will be deleted for the rest of this section. For relatively high variance (k > 1), the high risk averter (8 > 1) will always increase present consumption more with a decrease in variance than for the same percentage increase in mean. Because a high risk-averter prefers a steadier flow of consumption at a lower level than a more erratic flow at a higher level, it makes sense that a decrease in variance would have a greater effect than an increase in mean. On the other hand, for relatively low variance (k < 1), a low risk averter (0 < 8 < 1) will always decrease his present consumption more with an increase in the mean than for the same percentage decrease in variance because such an individual (although a risk-averter) will prefer to accept a more erratic flow of consumption in return for a higher level of consumption. Of course, these qualitative results will vary depending upon the size of k. If the riskiness of the returns is very small (i.e., k < < 1), then the high risk-averter will increase his present consumption more with an upward shift in mean. Similarly, if the risklevel is very high (i.e., k > > 1) the low risk averter will change his consumption more with decreases in variance.
THE REVIEW OF ECONOMICS AND STATISTICS
The results of this analysis can be summed up as follows: Because all individuals in this model are risk-averters, when risk is a dominant factor (k > > 1), a decrease in risk will have the larger effect on their consumption decisions. When risk is unimportant (i.e., k < < 1), they all react stronger to an increase in the mean yield. For all degrees of relative riskiness, the low risk-averter will give up some present consumption to attain an expected higher future consumption while the high risk averter will always choose to increase the amount of present consumption. 
VIII Extension to Many Assets
and instead of two, there will be m first-order conditions corresponding to a maximization of 
